Abstract. Böröczky, Lutwak, Yang and Zhang recently proved the log-BrunnMinkowski inequality which is stronger than the classical Brunn-Minkowski inequality for two origin-symmetric convex bodies in the plane. This paper establishes the log-Brunn-Minkowski, log-Minkowski, Lp-Minkowski and LpBrunn-Minkowski inequalities for two convex bodies in R 3 .
Introduction
Let K n be the set of all convex bodies, i.e., compact convex sets with nonempty interior, in the n dimensional Euclidean space R n , and let K n 0 be the class of members of K n containing the origin in their interiors. For two convex bodies K, L ∈ K n , the classical Brunn-Minkowski inequality states that
n , with equality if and only if K and L are homothetic, where (1 − λ)K + λL = {(1 − λ)x + λy | x ∈ K, y ∈ L} is the Minkowski combination of K and L, and V (·) denotes the n-dimensional volume (i.e. Lebesgue measure) functional. The Brunn-Minkowski inequality is an extremely powerful tool and plays a significant role in convex geometry, its various aspects can be found in Gardner's article [12] and Schneider's monograph [25] .
In the early 1960s, Firey [9] (see also [25] ) generalized the Minkowski combination of convex bodies to the L p -Minkowski combination for each p ≥ 1. In the 1999s, Lutwak [18, 19] showed that many classical results can be extended to the L p BrunnMinkowski-Firey theory. Recently, Böröczky et al. [4] extended the L p -Minkowski combination to p > 0, that is,
where h K and h L are the support functions of K and L. When 0 < p < 1, the function (
p is not necessary the support function of the convex
p . This is different from the case p ≥ 1. The limiting case of p → 0 is the log Minkowski combination (1 − λ) · K + o λ · L, which is defined by Böröczky et al. in [4] , that is,
For two origin-symmetric convex bodies K and L, Böröczky et al. [4] conjectured that the following log-Minkowski inequality holds (1.1)
where dV K is the cone-volume probability measure of K and showed that it is equivalent to the log-Brunn-Minkowski inequality
Böröczky et al. [4] solved the planar case for (1.1) and (1.2) and obtained the equalities hold if and only if K and L are dilates or K and L are parallelograms with parallel sides. Ma [20] gave an alternative proof of (1.1) for the case n = 2. Saroglou [24] established (1.2) together with its equality cases for pairs of convex bodies that are both unconditional with respect to some orthonormal basis. Stancu [28] showed some variants of the logarithmic Minkowski inequality for general convex bodies and obtained some special cases for the equality holds in (1.1) without the symmetric assumption. Xi and Leng [30] solved Dar's conjecture in the plane and built the relationship between the log-Brunn-Minkowksi inequality and Dar's conjecture in the plane when convex bodies are at a dilation position. To conclude (1.1), Böröczky et al. [4] researched the uniqueness question of the cone-volume measure for origin-symmetric convex bodies in the plane. For the uniqueness of cone-volume measures, Gage [10] showed that within the class of origin-symmetric planar convex bodies that are also smooth and have positive curvature, the conevolume measure determines the convex body uniquely. For even discrete measures, Stancu [26, 27] treated the uniqueness question for the log-Minkowski problem in the plane. There are many contexts in which cone-volume measures play a significant role, see e.g., [1, 5, 11, 14, 15, 16, 31, 32] etc.. Recently, a more comprehensive account of various aspects of the log-Brunn-Minkowski inequality can be found in Colesanti-Livshyts-Marsiglietti [7] , Colesanti-Livshyts [8] , and Rotem [22] . This paper is organized as follows. In Sect. 2, we present some concepts and basic results about convex bodies. In Sect. 3, motivated by the idea of Böröczky-Lutwak-Yang-Zhang [4] and Ma [20] , we prove the log-Minkowski inequality and log-Brunn-Minkowski inequality when convex bodies are in R 1 class. For the same convex bodies, the L p -Minkowski inequality and L p -Brunn-Minkowski inequality are obtained when 0 < p < 1. In Sect. 4, we show that there are convex bodies such that they satisfy the condition of R i class.
Preliminaries
In this section, we review some basic notations and definitions in convex geometry. Good general references for the theory of convex bodies are provided by the books of Gardner [12] , Gruber [13] , Schneider [25] and Thompson [29] .
If
is the Gauss map of K, defined on ∂ K, the set of points of ∂K that have a unique outer unit normal, and H n−1 is the (n − 1)-dimensional Hausdorff measure.
For K ∈ K n 0 , its cone-volume measure V K is a Borel measure on the unit sphere S n−1 defined for a Borel set ω ⊆ S n−1 by
and thus
Since,
the cone-volume probability measureV K of K is given bȳ
Specially, for K, L ∈ K n 0 and the origin o, we have
Obviously, from the above expressions, it follows that
For K, L ∈ K n , the relative Steiner formula states that the volume of the outer parallel body of K with respect to L, K + tL, is a polynomial of degree n in t ≥ 0,
The coefficients W i (K, L) are called relative quermassintegrals of K with respect to L, and they are a special case of the general defined mixed volumes for which we refer to [25, Ch.5.1] . In particular, we have
Analogous formulae to (2.4) give us the value of the relative i-th quermassintegral of K + tL, namely (2.7)
To introduce the convex bodies that are in R i class, for K, L ∈ K n , we consider the i-th relative Bonnesen function
Next, we give a proposition about the i-th relative Bonnesen function B i;K,L (r).
Proof. It follows from (2.7) and (2.8) that
The expressions A and B can be simplified as
which completes the proof.
For convex bodies K, L ∈ K 3 , in order to research the log-Brunn-Minkowski inequality and the log-Minkowski inequality in R 3 , we give the definitions that convex bodies are in R 1 class and R 2 class.
The convex body K is in R 2 class with respect to
From Definition 2.2 and Proposition 2.1, we have the following corollary.
class with respect to L, then L is in R 1 class with respect to K. (iii) If K is in R 1 class as well as in R 2 class with respect to L, then K + tL is in R 1 class with respect to L. (iv) If K is in R 2 class with respect to L, then K + tL is also in R 2 class with respect to L.
The log-Brunn-Minkowski inequality and the log-Minkowski inequality
In this section, inspired by the impressive work of Böröczky-Lutwak-Yang-Zhang [4] and Ma [20] , firstly, we deal with the log-Brunn-Minkowski inequality and the log-Minkowski inequality for two special convex bodies. Secondly, we obtain the L p -Minkowski inequality and the L p -Brunn-Minkowski inequality for 0 < p < 1.
If K is R 2 class with respect to L, then
and equalities in (3.1) and (3.2) hold when K and L are dilates.
Proof. If K is in R 1 class with respect to L, then
for all u ∈ S 2 . Thus, from (2.8) and Definition 2.2, we have
Integrating this with respect to the measure h L dS K , and using (2.1), (2.5) and (2.6), give us
which yields the desired inequality (3.1). It is obvious that the equality in (3.1) holds when K and L are dilates. Similarly, inequality (3.2) is obtained when K is in R 2 class with respect to L.
, with equality holds when K and L are dilates.
Proof. Since K is in R 1 class with respect to L, from Corollary 2.3 (i), (ii) and (iv), we know that K is in R 1 class with respect to L + tK. Thus, from (3.1) and the Aleksandrov-Fenchel inequality, we get
Differentiating F (t) with respect to t, we have
It follows from (3.4) that F (t) is decreasing on [0, +∞). The desired result can be achieved if we show that F (0) ≥ F (t) ≥ 0 for t ∈ [0, +∞). Since
by the mean value theorem for integrals there exists µ ∈ S 2 such that
It is obvious that the equality in (3.3) holds when K and L are dilates.
When λ ∈ (0, 1), the equality in (3.5) holds if K and L are dilates.
Proof. By the same method as [4, Lemma 3.2], we have the log-Brunn-Minkowski inequality (3.5) and the log-Minkowski inequality (3.3) are equivalent. And it is clear that the equality in (3.5) holds for λ ∈ (0, 1) when K and L are dilates.
Remark 3.4. Theorems 3.2 and 3.3 implies that inequalities (3.3) and (3.5) hold when K is in R 1 class with respect to L, and Saroglou [24] proved that inequalities (3.3) and (3.5) hold when K and L are unconditional. Next, we show that these two conditions don't include each other.
Let K be the cube of edge 2 and L the rectangular parallelepiped whose concurrent edges have length 2, 2 and 4. Suppose that K and L are symmetric with respect to the origin. It is obvious that K and L are unconditional with respect to orthonormal basis. By a simple computation, we have
and R(K, L) = 1, which implies that K is not in R 1 class with respect to L.
From the proof of Proposition 4.1, we construct convex bodies such that they are in R 1 class rather than unconditional with respect to orthonormal basis.
As natural extensions of the log-Minkowski inequality and the log-Brunn-Minkowski inequality, we have the L p -Minkowski inequality and the L p -Brunn-Minkowski inequality using the same method which is appeared in [4] .
, with equality holds if K and L are dilates.
Proof. Jensen's inequality, together with the log-Minkowski inequality (3.3), shows that the L p -Minkowski inequality (3.6), for p > 0. When K and L are dilates, the equality in (3.6) holds.
with equality holds if K = L.
Proof. Similar with [4, Lemma 3.1], we have the L p -Brunn-Minkowski inequality (3.7) and the L p -Minkowski inequality (3.6) are equivalent. Meanwhile, it is obvious that the equality in (3.7) holds when K = L.
4.
The existence of the convex bodies that are in R i class
In this section, we show the existence of three-dimensional convex bodies that are in R i class.
Proposition 4.1. There exist convex bodies K 1 , K 2 ∈ K 3 0 such that K 1 is not only in R 1 class but also in R 2 class with respect to K 2 .
Proof. We construct some revolutionary constant width convex bodies to satisfy these conditions. Let D i be a domain with support function
Since
is a planar convex body of constant width 1 and symmetric with respect to the y-axis (see Figure 1a) . Denote by K i the convex body by rotating D i around the y-axis (see Figure 1b) . It follows from [21, Proposition 3.4 ] that K i is a revolutionary body of constant width 1, which together with (2.5) and (2.6) implies where w is the width of K, we can get the volume of K 1 and K 2 . In order to prove that K 1 is in R 1 class as well as in R 2 class with respect to K 2 , we have to show that the origin o satisfies the conditions of Definition 2. . It is clear that r o (K, L) = r(K, L) = 1 and R o (K, L) = R(K, L) = √ 2. Some simple computations show that K is in R 1 class with respect to L.
